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ABSTRACT

This paper is a continuation of Part I. A decidable extension of model K4 that
lacks the finite model property is described. It is not known whether there are
extensions of B that are decidable and lack the finite model property.

Introduction

In [4] D. Makinson gave an example of a normal, finitely axiomatizable ex-
tension of T which lacks the finite model property. In [1] using methods of [3]
we constructed an extension of the system of Makinson which was decidable,
finitely axiomatizable, normal, and lacked the finite model property. In the proofs
of the above examples an essential use was made of the fact that the systems
contain [J¢ — ¢ and fail to contain ¢ —» [1¢.

In this paper we give an example of a decidable, finitely axiomatizable extension
of K4 without the finite model property. In the proof we shall make essential
use of the fact that our system contains [J¢ — [][]¢ and fails to contain [J¢ — ¢.

Note that any finitely axiomatizable normal extension of K4 is also finitely
axiomatizable with modus ponens as the only rule. (We always include substi-

tution).
1. The system D,

The following is an axiomatization of K4.
(1) All truth functional tautologies.
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2 T@—¥) - (09—~ 0.

(3 O¢=00¢.

(4) Modus ponens and substitution.

(5) Fé -+

Since we have axiom (3) we can get K4 also by dropping out (5) and adding (6)
and (7) below.

(6) OO = ¥) > (O — ).
(1 D(O¢ ~ O0O4¢).

We may need to axiomatize the classical propositional calculus and add (8).
(8) ¥ A [y for ¥ axiom of the classical propositional calculus.

THEOREM 9. K4 may be finitely axiomatized with modus ponens (along

with substitution).

We now define D,,.

To get D, add (10) to any axiomatization of K4 with modus ponens and
substitution as the only rules of inference:

(10) O(P¢ - T%¢) > (¢ —~ 0e)-

It is easier to regard D, in the light of the following.

THEOREM 11. Let A, be the set of all substitution instances of schema (10),

then: A is a complete D, theory if and only if A is a complete K4 theory such
that A 2 A,.

(11) holds for any other extension of K4 which does not have necessitation

provided we take A, to be the set of all substitution instances of the additional
axioms.

LemMa 12. [([0%¢ — [¢) is not a theorem of D,.

Proor. Consider the following set of possible worlds:

RO = O = R e

I
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where — ooRx for every x # — oo (~oo being our base structure) and xRy iff
x < y for finite x and y. The semantics has no special intuitive meaning except
thafc it serves to prove (12).

We now show that (10) holds at — o0. Assume that

[O(1%¢ > Od)]-, = F
so at some m
[O0%¢ > O¢l. = F
and so [(*¢ - (1%¢]u-. = F and so
[T -~ O°¢)]-w = F.
We thus conclude that this is a model of all the theorems of D,,.
Now to show that our sentence is not provable, let [p],, = T iff (def)m = 0.
Thus [[(?p » O0p]-, = F and so [(J(O* »p Op)]-» = F.
Lemma 13. Any model of D, in which [J((]%¢ — (1) is false is not finite.
Proor. If our sentence is false in the model, then it is false at the base point 0.
[((P¢ > O] = F.

Therefore there exists a y, such that ORy and [[1%¢],, = T and [(O¢],, = F.
Assume by induction that there exist y, --- y, such that ORy,, ---,0Ry, and that
for each 1 £ i < n we have

(14) [O™'¢), = T, [O'¢],, = F.

In particular, we have that

(15) [ '¢ - [I"¢], = F and ORy,.

Therefore by (10) for ¥ = [J" ¢ we have [(J [("*%¢ - (0"*'¢)]o = F and
therefore for some y,,, such that ORy,,, we have [(1"*%¢], ,, = Tand

[Dn+1¢],\’n+ 1 = F
(16) We claim now that all y,,, m € @ are different.This is so since (¢ — [1[]¢

holds. So if [(O"¢], = T then [[*$], = T for all k = m.
Thus we conclude the proof of (13).

ProBrLEM 17. Find semantics for D.

2. The system D,

To get the system D, extend any axiomatization of (9) with
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(18) o[ Aa ABADBR — (%Y Aca AT

we know that (11) applies to D, as well.

Wenow describe a semantics with respect to which D, is complete. Our models
have a set (S, <) of possible worlds (< is our R) with the following properties
(0 is base!).

(19) < is transitive and not necessarily reflexive with O the first element.
(20) Vydz0<z< y AVu(z <u — y < u)).

LemMA 21. All theorems of D, hold in this semantics.

ProoF. This is clearly a model of K4. All we have to verify is that (18) holds
in the base.

Let [o(Ox Aa A B AP)]o = T. Then at some y such that 0 < y we have
[Ox Aa ABADBL =T.

Let z be the point given by (20) and so [[J*Y A ¢ a A (Of], = T and so
[ATPY Aoa AR, = T.

THEOREM 22. D, is complete for this semantics.

Proor. Let A be a complete D, theory. By (11) we can regard A as a complete
K4 theory such that every substitution instance of (18) is in A. Now we may
continue as in the completeness proof for K4. Let S be the set of all K4 complete
theories such that

(23) AeS.

(24) Whenever ® € S and ~ ]y € © then for some ®Y € S we have~y e @Y
and for all a,[Jec®— xc®’.

Define

(25) © < O’ iff (def) for all « [Jo,€©® > ac®’.

(26) Now it is known that < is transitive and that if we define [p], = T
iff (def). p € © for any propositional variable p and any © we get for all ¢, ¢ ®
iff [¢]e = Tand thus (S, <,A) is a K4-model of A.

All this is well known [4]. We will now show that (S, <, A) fulfills the con-
ditions of our semantics ((19), (20)).
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We must be careful since we do not have necessitation. In K4 we do have
necessitation and so the construction (23)-(27) can be carried out.
LemMMA 28. Let A < ©®, then the following set is K4 consistent:
{8| 6 e A} {0 «|ae @) {0 | Oy e ®}J{TB| B A 1B ©}.
ProoF. Assume otherwise then
KdFES A Adyo ~(0ag A Ao AT A AT, A DBy A
A Dﬁ,,)
K4F A= (P A ATAB > V~ow)
K4F A= (P AYWADOAB~ O~ Awy).
We now claim that
(29 D@ AWANDOAB - O~ Aw)eA.
This is true since we have necessitation in K4 and so
KaFOASG-» (> A AOAB - O~ Ay

and since A is a complete K4 theory and [] A §;€ A we get our result.
Now call y = AY;, f= AB;, and o = Ae,. So we have that § A Jf
A OY Aaec® and therefore sinceA < ©® we get that

C(OBABADOY Ao)eA.

But A is not an ordinary K4 theory but one which contains every substitution
instance of (18) and so

S(OBADT* A Cca)eA
or in other words
~O~(OANDY A c)eA

or

~(OBADW - ~oa)eA

which contradicts 29.
Now to continue the completeness proof, extend the set of (28) to a complete
K4 theory ©,, . By the definition of S, @, €S.

LemmA 30.
(32) A<0O,<0

(32) 9,<T->0=T or O<T.
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PRroOF. (31) holds since by (28) allo « for ¢ @ and all § for [Jd €A are in O,
Now to prove (32), assume that @, <I', I' # ©® and © « I'.

~N, & r © ~e&,[n

O,
So for some &1 we have eeC, ~e€®, [Jne®, ~pel’. Now consider
=5V ~e. We have [0 A fe ©, so by construction we must have that
[(1fe0©, and so feI since ®, < I, but this is a contradiction.

Thus (S, <, A) fulfills our requirements and the completeness proof is con-
cluded.

Lemma 33. ((O*¢ —» [Tl¢) is not a theorem of D, .
Proor. The model given in (12) is also a model of D,,.

CoroLLARY 34. D, lacks the finite model property.

3. Decidability of D,

To show that D, is decidable we shall use a theorem of M. O. Rabin [2], [5].
We assume familiarity with [1], in particular with the construction following
Lemma 26 and with §4.

Our first step is to give a tree semantics to D, ; we shall do this by performing
the construction in the completeness proof of the last section more carefully.

Now let A be a complete K4 theory which contains every substitution instance
of D,. We shall construct a tree of theories.

Stage 0. Let A stand at the base of the tree. Denote the base by 0 and write
©(0) = A. In the later stages of the construction x, y will range over elements

of the tree and ©(x), ©(y) will denote the theories standing at a point x or y of
the tree.
We use successor functions sys, -+ and one additional successor r(x).

Stage 1. For every ~ [y € A construct A” (as in 24) and make them s,s, -
successors of 0. Thus ©O(s,(0)) is some theory AY.

Stage 2. For every ©(x) constructed in stage 1 form all ©(x)? and make
them sos, +-- successors of ©(x). In addition to this since we have A < O(x),
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we know that O(x), exists (by (28)) and that A< O(x), < O(x) by (31) and (32).
We thus may take O(x), and make it the r(x) successor of x, and so
O (x)) = (0(x))4. Furthermore by (28) again we have that @(x),, exists (since
A < (O(x)), holds) and by (32) we know that ®(x), is the only immediate suc-
cessor of O(X)y 4.

Stage n + 1. For every @(x) constructed in stage n for x being an s,, successor
for some m continue as in stage 2. For x which is an r(y) construct only
O(x), = O(r(y)) and let it stand at the point r(x) = r(r(y)). We now note that
in the course of construction we get a tree with the following properties:

(35) 0 has no r-successors.
(36) every x # 0 has unique r successor r(x) which has no s-successors.

(37) O(x)<O(y) whenever there exists a finite set C of points such that xe C
and yeC and C is linearly ordered by the transitive closure of s-successorship.
This is true because always O(x) < ©(s,(x)) by construction and D, + [1¢ - [(O¢

(38) ©0) = A < O(r(x)) for any x.

(39) If ~[WeO(s,(x)) then for some n,
~ Y € O(s,(s (X)) -

(40) Now let ~ [y € O(r(x)), since O(r(x)) is O(x), we cannot have that
¥ A [ € O(x) since then [y would be in @(r(x)) and so either ~y € O(x) or
~ [y eB(x).

We now define < on the tree.

(41) x <y iff the following:

Case a. x # 0 and is not an r-successor. Then we let x < y iff y is ““above”’
x using s,-successorship only.

Case b. x # 0 but x is an r successor. Then x < y iff we can go back by
r-successorship to the unique first z which is not an r-successor and then z <y
in the sense of Case a. z is unique below x. See also (36).

Case c. x=0.01is < of any y.
Case d. x is obtained from y by taking r-successor i.e. x = r"(y).

LemMma 42. This definition of < along with the semantics is expressible
in the monadic tree language ([1], [2]) and therefore the logic thus defined is
decidable.
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All we have to show now is that this tree-semantics characterizes D,.
LEMMA 43. < is a transitive relation on our tree that fulfills (20).

ProOF. 1t is clear that < is transitive (note case d in (41)).

To show that (20) is fulfilled, let 0 < z, then of course 0 < r(x) < x by definition.
And since r(x) has no other successor then r(r(x)) by case .b .and d, the only
y’s such that r(x) < y is x itself or a z such that x < z by definition.

LEMMA 44. Let p be a propositional variable, define [p], = T iff (def)
p € O(x), then we have for every ¢ [¢], = Tiff ¢ € O(x).

Proor. This follows from (37), (38), (39), (40) and the definition (41) of <.
(45) We thus conclude that D, is complete for this tree semantics.

THeoREM 46. D, is a decidable, finitely axiomatizable, extension of K4
which lacks the finite model property.

Proor. By (42) and (45).
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